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The O(D,D) covariant generalized metric, postulated as a truly fundamental variable, can describe novel
geometries where the notion of Riemannian metric ceases to exist. Here we quantize a closed string upon such
backgrounds and identify flat, anomaly-free, non-Riemannian string vacua in the familiar critical dimension,
D= 26 (or D= 10). Remarkably, the whole BRST closed string spectrum is restricted to just one level with no
tachyon, and matches the linearized equations of motion of Double Field Theory. Taken as an internal space,
our non-Riemannian vacua may open up novel avenues alternative to traditional string compactification.
Motivation: absence of tachyon kinetic term in DFT
Ever since the adoption of Riemannian geometry into the
formulation of General Relativity, the metric, gµν , has
been privileged to be the fundamental variable that pro-
vides a concrete mathematical tool to address the notion
of spacetime. In particular, the ‘flat’ spacetime where the
gravitational effect is negligible is simply given by a con-
stant metric of Minkowskian signature. Needless to say,
the Standard Model upon this background is arguably
the best tested theory.
The flat Minkowskian spacetime is famously known
to be unstable in bosonic string theory, as the string
spectrum contains a negative mass-squared tachyon.
Open string tachyon means the instability of a D-brane.
Its tachyon potential has a local minimum which cor-
responds to a closed string vacuum without any D-
brane [1–5]. Yet, for the closed string tachyon, little is
known except the effective description,∫
dDx
√−ge−2φ
[
R+ 4∂µφ∂
µφ− 112HλµνHλµν
− 2(D−26)3α′ − ∂µT∂µT + 4α′ T 2 +O(T 3)
]
.
(1)
In this Letter, we construct a novel bosonic closed
string theory with a finite spectrum free of tachyon, by
going beyond the Riemannian paradigm. Our working
hypothesis is to view an O(D,D) invariant metric, JMN ,
and an O(D,D) covariant generalized metric, HMN , as
fundamental entities (instead of gµν). The former is put
in an off-block diagonal form, JMN =
(
0 1
1 0
)
, and with
its inverse, lowers and raises the O(D,D) indices, capi-
tal RomanM,N = 1, 2, · · · , 2D. The latter then satisfies
twofold defining properties :
HMN = HNM , HMKHNLJKL = JMN . (2)
Famous parametrization reads [6]
HMN =

 gµν − gµσBσλ
Bκρg
ρν gκλ −BκρgρσBσλ

 , (3)
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which contains gµν and a skew-symmetric B-field, cor-
responding to a well-known coset, O(D,D)
O(1,D−1)×O(D−1,1) for
Minkowskian signature. Over the last three decades, this
has been a cornerstone for the developments of O(D,D)
symmetry manifest formulations of worldsheet string the-
ory [7–14] and also target spacetime effective descrip-
tions [15–20]. They go under the name doubled string
or Double Field Theory (DFT), as the spacetime coordi-
nates are formally doubled, xµ → xM = (x˜µ, xν).
With (3), the closed string effective action (1) can be
reformulated as a DFT coupled to the tachyon,∫
e−2d
[
S(0)− 2(D−26)3α′ −HMN∂MT∂NT + 4α′T 2+O(T 3)
]
.
(4)
Here d is the O(D,D) singlet DFT-dilaton related to the
conventional dilaton through e−2d =
√−ge−2φ, and S(0)
denotes the scalar curvature in DFT which can be spelled
out explicitly in terms of d, HMN , and JMN [20]:
S(0)=
1
8HMN∂MHKL∂NHKL + 12HMN∂KHML∂LHNK
−∂M∂NHMN + 4∂M (HMN∂Nd)− 4HMN∂Md∂Nd .
The so-called section condition should be imposed on the
doubled coordinates, ∂M = (∂˜
µ, ∂ν),
∂M∂
M = ∂µ∂˜
µ + ∂˜µ∂µ ≡ 0 , (5)
such that all quantities have D-dimensional halved de-
pendence. After solving the section condition by let-
ting ∂˜µ≡ 0 and assuming the Riemannian parametriza-
tion (3), the DFT action (4) reduces to (1).
Crucially, (3) is not the most general solution to the
defining relations (2). It only becomes so, if the up-
per left D×D block, i.e.Hµν , is invertible. DFT works
perfectly fine with any generalized metric that satisfies
(2). The D×D block can be degenerate, hence non-
Riemannian by nature [21–27] (see also[28–33] for su-
persymmetric or exceptional examples). Most general
parametrizations of a generalized metric have been classi-
fied by two non-negative integers, (n, n¯), rendering string
chiral and anti-chiral over n and n¯ directions [23], see also
(13) later. The Riemannian geometry of (3) is of (0, 0)
type and non-relativistic/ultra-relativistic strings [34–40]
belong to (1, 1) or other types [22, 23, 25, 32].
2Postulating {JMN ,HMN , d} as the only geometric
quantities available to contrive connections and curva-
tures, one can construct a compatible covariant deriva-
tive, ∇L = ∂L + ΓL, with the unique choice of the
‘Christoffel’ symbols, ΓLMN [41, 42]. This in turn gives
the scalar curvature S(0) and two-index ‘Ricci’ curvature
which further form the off-shell conserved ‘Einstein’ ten-
sor, ∇MGMN = 0 [43]. This is all analogous to General
Relativity, though there seems no four-index Riemann
tensor [44]. Using them, one can concisely express all
the equations of motion of the DFT action (4):
HMN∇M∇NT + 4α′ T +O(T 2) = 0 , GMN = TMN .
(6)
The former is the tachyonic equation of motion and the
latter is the ‘Einstein equations’ in DFT [45, 46]. It uni-
fies the equations of motion of HMN and d into a single
formula, equating the Einstein tensor with a generalised
stress-energy tensor. For the tachyon field it reads
TMN = (J+H)[MK(J−H)N ]L∂KT∂LT − 12JMNT(0) ,
where T(0) = − 1DTMM is the O(D,D) singlet trace part,
T(0) = HMN∂MT∂NT − 4α′ T 2 −O(T 3) + 2(D−26)3α′ .
In particular, the equation of motion of the DFT-dilaton,
or the trace of the Einstein equations, implies S(0) = T(0).
Thus, in D = 26, if the tachyon potential admits a global
minimum away from T = 0, we have T(0) < 0 and hence
the background cannot be flat, S(0) < 0.
While we refer the interested readers to section 2 of
[45] for a detailed review of the above formalism, for now
what suffices us is that the Einstein curvature, GMN ,
vanishes for constant HMN and d. Any flat background
with vanishing tachyon, T = 0, solves all the equations
of motion (6) in the critical dimension, D = 26. Surely
this statement is also valid for the Riemannian action (1).
The novelty here is that the DFT action (4) allows non-
Riemannian geometries. With the choice of the section
by ∂˜µ ≡ 0, the tachyon kinetic term reads Hµν∂µT∂νT
which obviously vanishes when Hµν = 0. The vanish-
ing kinetic term then may eliminate the instability of
the static configurations: there is no dynamics for the
tachyon to roll down (at least classically at linear or-
der). The absence of kinetic term was also discussed for
tachyon condensation in open string field theory [47, 48],
while it is a generic feature of ‘Pregeometrical’ or ‘Purely
Cubic’ string field theories [49, 50].
The generalised metric with Hµν= 0 is in a way ‘maxi-
mally’ non-Riemannian. It corresponds to the (n, n¯) type
with n+ n¯ = D, and assumes the most general form [23],
HMN =

 0 Y µi X iλ − Y¯ µı¯ X¯ ı¯λ
X iκY
ν
i − X¯ iκY¯ νi 2X i(κBλ)ρY ρi − 2X¯ ı¯(κBλ)ρY¯ ρı¯

 ,
(7)
where i = 1, 2, · · · , n and ı¯ = 1, 2, · · · , n¯. Viewing
(X iµ, X¯
ı¯
µ) as a D ×D matrix, (Y νi , Y¯ νı¯ ) is its inverse sat-
isfying X iµY
ν
i + X¯
ı¯
µY¯
ν
ı¯ = δµ
ν . The underlying coset is
O(D,D)
O(n,n)×O(n¯,n¯) [25] whose dimension, 4nn¯, matches the
number of infinitesimal fluctuation modes, i.e. moduli,
around the generalized metric (7) [26]. The types of
(D, 0) or (0, D) are worthy of note. They are uniquely
given by HMN = ±JMN , and correspond to the most
symmetric vacua of DFT with no moduli [24]. Intrigu-
ingly then, Riemannian spacetime may arise in DFT after
the spontaneous symmetry breaking of O(D,D), which
identifies gµν and Bµν as the massless Nambu–Goldstone
bosons [25] (c.f. [51, 52]).
In the remaining of this Letter, we investigate the
quantum consistency of the non-Riemannian geome-
tries (7) as for novel string vacua. Through BRST quanti-
zation of string, we show that the type of (n, n¯) = (13, 13)
with D = 26 is anomaly-free. Remarkably, the string
spectrum is finite with no tachyon mode, matches the
coset underlying (7), and agrees with the linearized DFT
equations of motion, i.e. the vacuum Einstein equations,
GMN = 0. We shall conclude with remarks on extension
to type II superstring and application as an alternative
to string compactification on Riemannian manifolds.
BRST quantization of doubled-yet-gauged string
The doubled string action we consider is [14, 21],
S = 14πα′
∫
d2σ L ,
L = − 12
√−hhαβDαxMDβxNHMN − ǫαβDαxMAβM .
(8)
Dα is a covariant derivative with an auxiliary potential
that satisfies a section-condition-like constraint,
Dαx
M := ∂αx
M − AMα , AMα ∂M = 0 . (9)
While the action is completely covariant under desired
symmetries like O(D,D) rotations, Weyl symmetry,
worldsheet as well as doubled target spacetime diffeomor-
phisms, it also concretely realizes the idea that the dou-
bled coordinates in DFT are actually gauged and each
gauge orbit corresponds to a single physical point [53].
The relevant ‘coordinate gauge symmetry’ reads
δxM = ∆M , δAMα = ∂α∆
M , ∆M∂M = 0 , (10)
which leaves Dαx
L, HMN invariant (∆L∂LHMN = 0),
and enables us to identify the first term in the La-
grangian (8) as a ‘proper area’ in doubled geometry [54].
With the choice of the section, (∂˜µ, ∂ν) ≡ (0, ∂ν),
which we henceforth thoroughly assume, the constraints
on the gauge potential (9) and parameter (10) are solved
by AMα ≡ (Aαµ, 0) and ∆M ≡ (∆µ, 0). Clearly then,
it is the tilde coordinates x˜µ that are to be gauged:
Dαx
M =
(
∂αx˜µ −Aαµ , ∂αxν
)
.
Upon the Riemannian background (3), the potential
3Aαµ appears quadratically in the action,
1
4πα′L = 12πα′L′,
L′ = − 12
√−hhαβ∂αxµ∂βxνgµν + 12ǫαβ∂αxµ∂βxνBµν
+ 12ǫ
αβ∂αx˜µ∂βx
µ − 14
√−hhαβ(Aαµ−Vαµ)(Aβν−Vβν)gµν ,
(11)
where Vαµ = ∂αx˜µ − Bµν∂αxν + 1√−h ǫαβgµν∂βxν . In-
tegrating out the auxiliary potential and further fixing
the coordinate gauge symmetry by x˜µ ≡ 0 (c.f. [55]), one
recovers the familiar (Riemannian) string action.
We now focus on the maximally non-Riemannian con-
stant background (7). For simplicity, we ignore the
B-field and diagonalize the square matrices, (X iµ, X¯
ı¯
µ),
(Y νi , Y¯
ν
ı¯ ), to be identity matrices. The D-dimensional
index, µ, decomposes into two parts: µ = (i, ı¯). We
perform a field redefinition of the potential, Aαµ, to a
coordinate gauge symmetry invariant quantity, pαµ,
pαi := ∂αx˜i −Aαi , pαı¯ := Aαı¯ − ∂αx˜ı¯ ,
and prepare a pair of projection matrices from [56],
h
αβ
± = h
βα
∓ =
1
2
(
hαβ ± ǫαβ√−h
)
,
h±αβh±βγ = h±αγ ,
h±αβh∓βγ = 0 .
(12)
The string Lagrangian (8) now assumes the form,
L0= −
√
−h
(
pαih
αβ
+ ∂βx
i + pαı¯h
αβ
− ∂βx
ı¯
)
+ǫαβ∂αx˜µ∂βx
µ .
(13)
Evidently, pαµ’s are Lagrange multipliers imposing the
chirality and anti-chirality on the untilde coordinates:
h
αβ
+ ∂βx
i ≡ 0 and hαβ− ∂βxı¯ ≡ 0 [21, 23] (c.f. [57, 58]).
Toward the BRST quantization, it is convenient to
parametrize
√−hhαβ by two variables, without loss of
generality,
√−hhττ = − 1
e
,
√−hhτσ = ω
e
,
√−hhσσ = e− ω2
e
.
Under diffeomorphisms, δcσ
α = cα, these two transform,
δce = c
α∂αe+(∂τc
τ − ∂σcσ)e− 2∂σcτωe ,
δcω= c
α∂αω+(∂τc
τ − ∂σcσ)ω + ∂τ cσ − ∂σcτ (ω2 + e2) ,
(14)
which match the standard transformation of
√−hhαβ.
We shall also use (from time to time) the worldsheet
light-cone convention,
σ± = τ ± σ , ∂± = 12 (∂τ ± ∂σ) ,
c± = cτ ± cσ , p±µ = 12 (pτµ ± pσµ) .
In addition to the coordinate gauge symmetry (10) and
the worldsheet diffeomorphisms (14), from (12), the La-
grangian (13) admits extra gauge symmetry:

δpαi = h+α
βCˆβi
δpαı¯ = h−αβCˆβı¯
⇐⇒


δp±i = (ω − e ± 1)Ci
δp±ı¯ = (ω + e± 1)Cı¯
(15)
where Cˆβµ’s are arbitrary local parameters. Yet, de-
spite their seemingly free index, i.e. ‘β’, since h±αβ’s are
2× 2 projection matrices with nontrivial kernel, the extra
gauge symmetry can be specified simply by the alterna-
tive parameter, Cµ, carrying no worldsheet index.
We proceed to fix all the gauges, (10), (14), (15):
e ≡ 1 , ω ≡ 0 , x˜µ ≡ 0 , p−i ≡ 0 , p+ı¯ ≡ 0 ,
(16)
which imply, −√−hhαβ ≡
(
0 1
1 0
)
on the light-cone and
the vanishing of the topological term in (13).
The full Lagrangian with Faddeev–Popov ghosts is
then
Lfull= L0−iδB
(
ln e be + ωbω + x˜µB˜
µ + p−iBi + p+ı¯B ı¯
)
,
(17)
where {be, bω, B˜µ, Bµ} are the anti-ghosts for the gauge
symmetries of (14), (10), and (15). With the associated
ghosts, {cα, C˜µ, Cµ}, and auxiliary Nakanishi–Lautrup
fields, {κe, κω, κ˜µ, κµ}, the BRST transformations are
δBx
µ = cα∂αx
µ , δBx˜µ = c
α∂αx˜µ + C˜µ ,
δBp±i = (ω−e± 1)Ci + cα∂αp±i + ∂±c+p+i + ∂±c−p−i ,
δBp±ı¯ = (ω+e± 1)Cı¯ + cα∂αp±ı¯ + ∂±c+p+ı¯ + ∂±c−p−ı¯ ,
δBc
α = cβ∂βc
α , δBC˜µ = c
α∂αC˜µ ,
δBCi = c
α∂αCi + (ω − e)∂σcτCi + ∂σcσCi ,
δBCı¯ = c
α∂αCı¯ + (ω + e)∂σc
τCı¯ + ∂σc
σCı¯ ,
δBbe = iκe , δBbω = iκω , δBB˜
µ = iκ˜µ , δBB
µ = iκµ ,
δBκe = δBκω = δBκ˜
µ = δBκ
µ = 0 ,
(18)
while δBe = δce and δBω = δcω are already given in (14),
promoting the diffeomorphism parameters, cα, as ghosts.
The transformations are off-shell nilpotent, δ2
B
= 0.
From the variational principle, setting be ≡ b+++b−−,
bω ≡ b++−b−−, and similarly for κe, κω, we acquire
p+i ∂+x
i + 2ib++∂+c
+ + i(∂+b++)c
+ = κ++ ,
p−ı¯ ∂−xı¯ + 2ib−−∂−c− + i(∂−b−−)c− = κ−− ,
p−i = p+ı¯ = κ˜µ = κµ = B˜µ = C˜µ = Bµ = Cµ = 0 ,
and the left/right-moving (chiral/anti-chiral) properties,
∂−xi = 0 , ∂−p+i = 0 , ∂−c+ = 0 , ∂−b++ = 0 ,
∂+x
ı¯ = 0 , ∂+p−ı¯ = 0 , ∂+c− = 0 , ∂+b−− = 0 ,
which can be also derived from the reduced Lagrangian,
Lred. = 2
(
p+i∂−xi + p−ı¯∂+xı¯ + ib++∂−c+ + ib−−∂+c−
)
.
(19)
Naturally, {p+i, p−ı¯} are identified as the conjugate mo-
menta of {xi, xı¯}, forming D pairs of ‘βγ’ system [56, 59]
4with the conformal weights 1 and 0, for βi ≡ p+i, β¯ı¯ ≡ p−ı¯
and γj ≡ xj , γ¯ ¯ ≡ x¯ respectively. Each pair contributes
to a central charge by two.
The BRST charge decomposes, QB = QL +QR, with
QL =
∮
dσ βi∂+γ
ic+ + i(b++∂+c
+)c+
= :
∑∞
m,n=−∞n
(−iβmiγin + bmcn) c−m−n : − ac0 ,
(20)
and mirroring expression for QR. The quantization
is given by [γim, βnj ] = iδ
i
jδm+n and {bm, cn} =
δm+n, which generate the normal ordering constant, a.
The BRST charges, QL, QR, are nilpotent, if and only
if n = n¯ = 13, implying the usual critical dimension,
D = 26, since the central charges are cL = 2n−26 and
cR = 2n¯−26, both of which should vanish.
Physical states are annihilated by QL and the anti-
ghost zero mode b0 (mirrored by the right-moving sector).
Their anti-commutator is
L0 =
{
b0, QB
}
= Nβ+Nγ+Nb+Nc−a , (21)
where
Nβ =
∑∞
p=1−ipβ−piγip , Nγ =
∑∞
p=1 ipγ
i
−pβpi ,
Nb =
∑∞
p=1 pb−pcp , Nc =
∑∞
p=1 pc−pbp ,
are the level-counting operators for each creation op-
erator with p ≥ 1. These are all positive semi-definite.
Hence, the vanishing of L0 (21) on physical states means
a drastic truncation of the entire string spectrum to
just one level. Computing 〈0|[L1, L−1]|0〉 = −2 with
Ln = {QL, bn}, we identify the level to be unity, a = 1.
Then, from β0i|p〉 = pi|p〉, QLc−1|p〉 =QLγi−1|p〉 = 0, and
QLβ−1i|p〉 = pic−1|p〉 , QLb−1|p〉 = (ipiγi−1 + 2c−1b0)|p〉 ,
the physical states consist of four sectors, (with |p↓〉 sat-
isfying b0|p↓〉 = 0 [56, 59]),
δHiı¯ γi−1|pj ↓〉⊗γ¯ ı¯−1|p¯ ↓〉 , δHiı¯ γi−1|pj ↓〉⊗β¯−1ı¯|p¯ ↓〉 ,
δHiı¯ β−1i|pj ↓〉⊗γ¯ ı¯−1|p¯ ↓〉 , δHiı¯ β−1i|pj ↓〉⊗β¯−1ı¯|p¯ ↓〉 ,
which should satisfy on-shell relations for QB-closedness,
pı¯δHiı¯ = 0 , piδHiı¯ = 0 , piδHiı¯ = 0 , pı¯δHiı¯ = 0 ,
(22)
and equivalence relations as for gauge symmetries,
δHiı¯ ∼ δHiı¯ + piλı¯ − pı¯λi ,
δHiı¯ ∼ δHiı¯ + piξ ı¯ , δHiı¯ ∼ δHiı¯ − pı¯ξi ,
(23)
where ξi, ξ ı¯ need to be divergenceless, piξ
i = pı¯ξ
ı¯ = 0.
We have a good reason to denote the physical states
by the same symbol as the generalized metric: the 4nn¯
of
{
δHiı¯, δHiı¯, δHiı¯, δHiı¯
}
are literally the moduli of the
generalized metric (7) that we have been dealing with, in
the diagonal form where the only nontrivial components
are Hij = Hji = δij and Hı¯ ¯ = H¯ ı¯ = −δı¯¯ [26]. They
meet the linearized DFT equations [22] (see also [60]):
∂i∂jδHjı¯ = 0 , ∂ı¯∂¯δHi¯ = 0 , ∂i∂ı¯δHiı¯ = 0 ,
∂i∂jδHj ı¯ − ∂ı¯∂¯δHi¯ + 4∂i∂ı¯δd = 0 ,
(24)
which enjoy local symmetries inherited from the General
Covariance of DFT (generalized Lie derivative, LˆξHMN ),
δ(δHiı¯) = ∂ı¯ξi , δ(δHi ı¯) = −∂iξ ı¯ ,
δ(δHiı¯) = ∂ı¯λi − ∂iλı¯ , δ(δd) = − 14 (∂iξi + ∂ı¯ξ ı¯) .
(25)
We may choose a gauge, δd = 0. Remarkably then, (22),
(23) imply (24), (25). Further, restricted to normaliz-
able solutions, the converse appears also true. The first
and second in (24) give ∂jδHjı¯ = 0, ∂¯δHi¯ = 0, which
are generically solved by δHiı¯ = ǫijkl···ǫı¯¯k¯l¯···∂j∂¯Φkl···k¯l¯···,
hence the third holds. The last implies ∂i∂jδHj ı¯ =
∂ı¯∂¯δHi¯ = ∂i∂ı¯ϕ for some ϕ. Again for normalizable
solutions, we get ∂jδHj ı¯ = ∂ı¯ϕ and ∂¯δHi¯ = ∂iϕ, which
can be gauged away using the remaining (25). As the
spectrum is finite, DFT itself is to be identified as string
field theory around the non-Riemannian vacua. Evi-
dently from the position of the indices, it is δHiı¯ that may
condensate and reduce the ‘non-Riemannianity’ [26].
Comments: supersymmetric extension
Our BRST charge formula (20) can be easily extended to
a generic (n, n¯) non-Riemannian background, to include
n pairs of chiral βγ, n¯ pairs of anti-chiral β¯γ¯, and ordi-
nary (left-right combined) D−n−n¯ number of xµ. The
central charges are cL/R = D±(n− n¯)−26, and thus nec-
essarily n = n¯ and D = 26. Non-relativistic string theo-
ries [34–37] are examples of (n, n¯) = (1, 1) [61].
The necessity of putting n = n¯ was also noted in [23]
as a condition to embed non-Riemannian geometries into
type II doubled superstring [29, 32] or supersymmetric
DFTs [62–64], the constructions of which rely on genuine
O(D,D) covariant vielbeins rather than the Riemannian
zehnbein, eµ
a [65]. The central charges should be cL/R =
D± (n− n¯)− 10, indicating that n = n¯ non-Riemannian
geometries are consistent superstring vacua in D = 10,
which enlarges the string theory landscape far beyond
the Riemannian paradigm.
Chiral string means xi(τ, σ) = xi(0, τ + σ): it is fixed
in space and thus hardly interacts with one another.
This classical intuition is complementary to the exclusive
‘single level’ property of the string spectrum we have
reported, and may suggest to use non-Riemannian
backgrounds as an internal space alternative to string
compactification traditionally on “small” Riemannian
manifolds. In the presence of external four-dimensional
Minkowskian spacetime, the truncation of string spec-
trum to just one level might be no longer the case as
5L0 will include external pµpνη
µν which is not positive
definite. It remains to be seen what will be the true
quantum nature of the classical rigidity of the chiral
string in an internal space.
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